The boundedness and the compactness of the two integral operators 
Introduction
Let D denote the unit disk in the complex plane C and ∂D its boundary. Denote is bounded, it follows that
for every f ∈ ᐆ, and for some positive constant C independent of f . We introduce the little Zygmund space ᐆ 0 in the following natural way:
It is easy to see that ᐆ 0 is a closed subspace of ᐆ.
was introduced by Pommerenke in [2] . Another natural integral operator is defined as follows:
The importance of the operators J g and I g comes from the fact that 11) where the multiplication operator M g is defined by
(1.12)
In [2] Pommerenke showed that J g is a bounded operator on the Hardy space H 2 if and only if g ∈ BMOA. The boundedness and compactness of J g and I g between some spaces of analytic functions, as well as their n-dimensional extensions, were investigated in [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] (see also the related references therein).
The purpose of this paper is to study the boundedness and compactness of integral operators J g and I g on the Zygmund space and the little Zygmund space.
Throughout the paper, constants are denoted by C, they are positive and may differ from one occurrence to an other. The notation a b means that there is a positive constant C such that a ≤ Cb. If both a b and b a hold, then one says that a b.
The boundedness and compactness of
In this section, we consider the boundedness and compactness of the operators J g and I g on the Zygmund space. To this end, we need two lemmas. Before formulating these lemmas, we quote the following result from [17] . 
Proof. Since f ∈ ᐆ 0 , it follows that for every ε > 0 there is a δ ∈ (1/2,1) such that
2) whenever δ < |z| < 1. From (2.2), when δ < |z| < 1, we have that Proof. Assume that J g : ᐆ → ᐆ is bounded. Taking the function given by f (z) = 1, we see that g ∈ ᐆ.
Conversely, assume that g ∈ ᐆ. Employing (1.4) and (1.7), we have
On the other hand, we have that
From (2.6), by taking the supremum in (2.5) over D and using the fact that the quantity
is finite, the boundedness of the operator J g : ᐆ → ᐆ follows. 
Proof. Assume that g ∈ H ∞ ∩ Ꮾ log . Then by (1.4), we have
(2.9) S. Li and S. Stević 5 On the other hand, we have that
From this, by taking the supremum in (2.9) over D and using the conditions of the theorem, the boundedness of the operator I g : ᐆ → ᐆ follows. Conversely, assume that I g : ᐆ → ᐆ is bounded. Then there is a positive constant C such that
(2.14)
Thus for 15) and consequently
Therefore, we have that 
Similar to the previous case, we have
From this and by using the facts that
we have that Proof. If J g : ᐆ → ᐆ is compact, then it is bounded, and by Theorem 2.4 it follows that g ∈ ᐆ.
Now assume that g ∈ ᐆ and that ( f n ) n∈N is a sequence in ᐆ such that sup n∈N f n ᐆ ≤ L and that f n → 0 uniformly on D as n → ∞. Now note that for every ε > 0, there is a δ ∈ (0,1), such that
In view of (1.4), (1.7), and (2.25), we have that Since f n → 0 uniformly on D, by the Cauchy estimate, it follows that f n → 0 uniformly on compacts of D, in particular on K. Using this, the fact that the quantity sup x∈ (0, 1] x ln(1/x) is bounded, that ε is an arbitrary positive number, by letting n → ∞ in the last inequality, we obtain that lim n→∞ J g f n ᐆ = 0. Therefore, by Lemma 2.2, it follows that J g : ᐆ → ᐆ is compact. 
